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We propose a quantum circuit to discriminate between two arbitrary quantum evolution operators.
It permits to test the equality of two quantum operators and to estimate a fidelity measure of them.
The relation of the proposal to the SWAP test for discriminating two quantum states is analyzed.
We also discuss potential applications for the discrimination of quantum channels and possible
laboratory implementations with light along the same lines of recent experimental realizations of
quantum superpositions of causal orders exploiting the different degrees of freedom of photons.
Distinguishing between two objects is a most funda-
mental task in both quantum and classical information
theory. For instance, discriminating two quantum chan-
nels is a key problem of quantum information [1–14]. In
this work, we put forward a test for comparing two quan-
tum systems.
Quantum information processing tasks are convention-
ally described as quantum circuits. Using quantum gates
as building blocks, the evolution from an initial state
is represented by a circuit. Quantum superpositions of
states provide the intrinsic parallelism absent in compu-
tations performed using classical means. Nevertheless,
quantum theory also permits the superposition of quan-
tum operations [15]. One implication of this property
of quantum systems is that it allows for a relaxation of
the notion of a predefined causal order. Such a dynamic
causal structure can be fundamental, for instance, in the
physical description of quantum gravity [16]. Recently,
this view of a quantum theory without a definite causal
structure has opened a new way to study quantum com-
putation [17–19]. The simplest example of this new form
of quantum computation is a quantum switch [17, 18]
where a qubit controls the causal order of a quantum
circuit composed of two cascaded systems.
The superposition of evolutions can be simulated in a
conventional quantum circuit by expanding the Hilbert
space dimension with an ancillary control qubit. There
exists a recent optical implementation of such a system,
where the superposition of gate orders is created using
an additional degree of freedom of the photon [24].
The SWITCH test presented in this work also relies on
this type of simulation of the superposition of quantum
evolutions and can be thought of as being based on a
simplified version of a quantum switch. Even though it
does not imply any modification of the causal order, it
bears some resemblence with those recent proposals that
explore the causal structure of quantum physics.
Our suggestions for a SWITCH test is closely related
to the SWAP test. Originally proposed for quantum fin-
gerprinting applications [20], the SWAP test permits to
verify whether two quantum states are equal or not. It
has also been shown to be equivalent to the Hong-Ou-
Mandel effect [21, 22]. This test is based on a quantum
controlled SWAP gate. Depending on the state of the
control qubit, |0〉 or |1〉, it respectively leaves unchanged
the input states |φ〉 |ψ〉 or swaps them producing the out-
put |ψ〉 |φ〉.
The quantum circuit implementing the SWAP test is
shown in Fig. 1. The aim is to test whether quantum
states |ψ〉 and |φ〉 are equal or not. Before the measur-
ment of the ancillary qubit, the resulting quantum state
is given by
1
2
[|0〉 (|φ〉 |ψ〉+ |ψ〉 |φ〉) + |1〉 (|φ〉 |ψ〉 − |ψ〉 |φ〉)] . (1)
|0〉 H • H
|φ〉
SWAP|ψ〉
FIG. 1. Quantum circuit implementing the SWAP test.
The SWAP test is passed if the measurement of the
ancillary qubit gives 0 and fails otherwise. If the two
states are equal, |ψ〉 = |φ〉, the test is always passed.
When the states are different, there is a finite probability
P of still passing the test that depends on the overlap of
the two states |〈ψ|φ〉|2
P =
1
2
(
1 + |〈ψ|φ〉|2
)
. (2)
Even for very similar states with a large overlap, the
probability of two states that are different passing the
test becomes exponentially small in the number of repe-
titions of the test and the equality can be verified with
any required confidence if a sufficiently large number of
copies of the states are available. These results can be
easily extended to mixed states. For two mixed states
with density matrices ρ and σ, the probability of passing
the SWAP test is 1+tr (ρσ)2 [23].
We present similar tests for quantum operators. Fig.
2 shows a basic SWITCH test that helps to understand
the possibilities and limitations of our approach. For an
arbitrary input state |φ〉 and U1 and U2 the unitary evolu-
tions being tested, we define the output of the controlled
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2SWITCH {U1, U2} gate as U1 |φ〉 if the control qubit is
|0〉 and U2 |φ〉 if it is |1〉. This permits to create the
superposition of the two evolutions U1 and U2.
Before the measurement of the ancillary qubit, the re-
sulting quantum state is given by
|ϕ〉 = 1
2
[|0〉 (U1 |φ〉+ U2 |φ〉) + |1〉 (U1 |φ〉 − U2 |φ〉)] .
(3)
|0〉 H • H
|φ〉 SWITCH{U1, U2}
FIG. 2. Quantum circuit implementing the SWITCH test.
A circuit diagram of a possible implementation, when
the two operators U1 and U2 can be made subject to a
quantum control, is shown in Fig. 3. A simple deploy-
ment of this system for an optical system could follow the
same lines demonstrated in [24] with the control qubit
realized spatially and the quantum operations acting on
the polarization degree of freedom of the same photon.
The system can be implemented using a Mach-Zehnder
interferometer as shown in Figure 4. A photon is sent
through a 50/50 beam splitter that creates the spatial
qubit implementing the first Hadamard gate in the con-
trol channel in Fig. 3. State |0〉 is obtained if its reflected
at the beamsplitter and |1〉 if it is transmitted. The two
spatial paths are associated with two different operations
on the photon polarization U1 and U2. At the output, the
two paths recombine coherently at a second 50/50 beam-
splitter that implements the second Hadamard gate in
Fig. 3. The measurement of the photon and the deter-
mination of the output path completes the SWITCH test
for the quantum operations U1 and U2. This kind of in-
terferometric comparison setup was already proposed in
[25] as a way to tell apart two unknown evolutions.
|0〉 H • H
|φ〉 U1 U2
FIG. 3. Quantum circuit implementation of a SWITCH gate
test with one test state.
This system can compare qubits encoded in the po-
larization degree of freedom, but we can have access to
higher-dimensional systems if we take advantage of other
degrees of freedom of the photon, like its orbital angular
momentum.
The SWITCH test is passed if the measurement of the
ancillary qubit gives 0 and fails otherwise. If the two
systems are equal, U1 = U2, the measurement result is
necessarily 0 and the test is always passed. When the
systems are different, there is a finite probability P of
still passing the test that is dependent on the input state
|φ〉. The probability of passing the test can be written
U1
U2
D0
D1
FIG. 4. Optical implementation of a single state SWITCH
test with an interferometer. The test is passed if detector D0
measures a photon.
in terms of the trace of the product of the measurement
projector and the density matrix representation of the
state |ϕ〉 in Eq. (3), tr(|0〉 〈0| |ϕ〉 〈ϕ|), which gives
P =
1
2
(
1 + Re{tr (U2ρU†1 )}
)
(4)
or
P =
1
2
(
1 + Re
{
〈φ|U†1U2 |φ〉
})
(5)
for pure states.
A failure of the test, under ideal conditions, confirms
that the two systems U1 and U2 are certainly distinct.
Passing the test gives some probability that the systems
are identical. This probability can be optimized by the
repetition of the test a sufficient number of times, but it
requires a careful strategy.
There are some clear limitations in the SWITCH test
as proposed so far. For instance, it can happen that
U1 |φ〉 = U2 |φ〉 and a repeated use of the state |φ〉
would always pass the test, even though the operators
are different. A clear example are the CNOT operation,
CNOT |x〉 |y〉 = |x〉 |x+ y mod 2〉, and the identity on
two qubits, both of which would leave a state |φ〉 = |00〉
unchanged. Therefore, as opposed to the SWAP test, a
repeated evaluation of the SWITCH test with the same
input state is not a judicious option. A better choice
of the states {|φi〉} used in multiple test repetitions, for
instance, would be a basis spanning the Hilbert space
on which the Uj gates act. If the operators are different
there will be at least one input state for which the output
states are different and there is a probability greater than
0 of failing the test. There are also sets of states which
guarantee the probability of passing the test is propor-
tional to a well-defined distance metric between operators
(see Eq. (13)).
Apart from the input state problem, the test is depen-
dent on a phase reference. For instance, testing U against
eiαU for α = pi2 would always give a negative result even
though the two operators would produce states that are
equal up to a global phase and, as such, indistinguish-
able. However, using controlled gates introduces a phase
3reference. The control qubit allows to distinguish rela-
tive phases that would be unmeasurable if we only had
the systems under test. This is, in fact, the expected be-
haviour for interferometers, which are used to find phase
differences that serve as indirect measurements of other
magnitudes, such as changes in length. Our system is
equivalent to an interferometer and must show a phase
dependence, which is associated to the real part in equa-
tion (5).
The dependence on the phase can be somewhat coun-
tered if the test is repeated for U1, U2 and a phase-shifted
version of U1, iU1, and U2. The second test permits to
estimate Im{〈φ|U†1U2 |φ〉}. If we combine both tests, we
can reconstruct an estimate of | 〈φ|U†1U2 |φ〉 |2. Of course,
we would need to repeat the measurement for a suitable
set of test states {|ui〉} and we would loose the desirable
property that a negative tells us for sure the systems are
different when there appear phase shifts.
In order to remedy these shortcomings, we can modify
the SWAP test as shown in Fig. 5. In the repeated
operation of the circuit, the two inputs are set to equal
values. For an input density matrix ρ that is a linear
combination of matrices of the form |φ〉 |φ〉, the SWAP
test succeeds with a probability
P =
1 + tr (U2ρU
†
1 )
2
(6)
or
P =
1
2
(
1 +
∣∣∣〈φ|U†1U2 |φ〉∣∣∣2) . (7)
for pure state inputs of the form |φ〉 |φ〉.
|0〉 H • H
|φ〉 U1
SWAP
|ψ〉 U2
FIG. 5. Quantum circuit implementing the modified SWAP
test.
For the purpose of comparing operators, the alterna-
tive SWITCH test circuit of Fig. 6 is equivalent to the
modified SWAP test. Even though the general evolution
is different from that of the circuit in Fig. 5, the outputs
are identical when input states |φ〉 = |ψ〉 are used.
|0〉 H • H
|φ〉 U1 U2
|ψ〉 U2 U1
FIG. 6. Quantum circuit implementation of a two-state
SWITCH gate test.
If we use as our test state the mixture
ρ =
1
N
N∑
l=1
|ul〉 〈ul| , (8)
from Eq. (6), we get a probability of success
P =
1 + F¯
2
(9)
in terms of an average fidelity measure
F¯ =
1
N
N∑
l=1
∣∣∣〈ul|U†1U2 |ul〉∣∣∣2 . (10)
The significance of the result depends on our choice
of the test states |ul〉. There are many possible metrics
to compare the quantum evolution operators U1 and U2.
At this point, it is useful to use the language of quan-
tum processes. The most general quantum evolution is
usually given in terms of a quantum channel E(ρ) which
represents a trace-preserving, completely positive linear
map acting on an input density matrix ρ. For a unitary
evolution operator U , E(ρ) = UρU†. In these terms, a
desirable measure for the distance between two quantum
evolutions is the process fidelity
Fpro(E , U) = 1
d3
d2∑
j=1
tr (UUjU
†E(Uj)) (11)
which was originally designed to compare a quantum
channel E(ρ) with the ideal operation U it was supposed
to implement. The definition is averaged over d2 observ-
ables Ui that span the whole Hilbert space of the d × d
operators acting on d−dimensional quantum states, or
qudits. Each of the observables can be explicitly written
as a mixture of the d pure states that form a basis of the
Hilbert state of the qudits [26].
We will define a SWITCH test where Fpro plays for
the operators U1 and U2 the same role the state fidelity
| 〈φ|ψ〉 |2 does for the states in the SWAP test. This mea-
sure is a well-defined metric and has many nice properties
in terms of stability and composition of operators, among
others [26].
Imagine first we have a “magic” mixed state with a
density matrix
M =
1
d3
d2∑
i=1
Ui =
1
d3
d2∑
i=1
d∑
j=1
αi,j |uj〉 〈uj | (12)
where {|uj〉} is a basis of the qudit space and the αi,j are
weights that give each Ui operator. If we input the mixed
state ρ = M⊗|0〉 〈0| in the two lower inputs of the circuit
of Figure 7, the generalized CNOT gate, CX |x〉 |y〉 =
|x〉 |x+ y mod d〉, will produce a state
M2 =
1
d3
d2∑
i=1
d∑
j=1
αi,j |uj〉 |uj〉 〈uj | 〈uj | (13)
4and the SWITCH test has a probability of success
1+Fpro(U1,U2)
2 .
|0〉 H • H
ρP • U1 U2
|0〉 〈0| X U2 U1
FIG. 7. Quantum circuit implementation of a SWITCH test
with maximally entangled probe states.
Other states might be easier to produce than the magic
state. For instance, if we replace M by a maximally
mixed state ρ = Id , the same circuit gives the maximally
entangled state
ρ =
1
d
d∑
i=1
|ui〉 |ui〉 〈ui| 〈ui| (14)
which results in a test with a success probability 1+F¯2 ,
for F¯ = 1d
∑d
i=1 | 〈ui|U†1U2 |ui〉 |2 which is smaller than
1 unless U1 = U2. Unfortunately, while the maximally
mixed state is more natural that the magic state, this
average fidelity is not related to a meaningful operator
distance. Anyway, a negative result shows the evolutions
are different with certainty.
Finally, we would like to show some possible optical
implementations of these two-state SWITCH tests. We
assume the probe states are qubits encoded into single
photons using their different degrees of freedom such as
polarization, frequency or orbital angular momentum.
Figure 8 shows an optical setup implementing the cir-
cuit of Figure 5.
|φ〉
|φ〉
D0
D1
U1
U2
FIG. 8. Optical implementation of a two-state SWITCH test
with Hong-Ou-Mandel interference. The test fails if we find
a coincidence (both detectors measure a photon at the same
time).
The comparison comes from the quantum interfer-
ence of single photons at a balanced beamsplitter in
the Hong-Ou-Mandel experiment [27] which, for input
states with density matrices ρ and σ, gives a probabil-
ity P = 1−tr (ρσ)2 of finding a coincidence. Two photons
in the same state bunch and always come out together,
which gives a natural way to implement a SWAP test
[22]. If we can produce any state on demand and have
two operations we want to compare, the presented optical
setup implements a SWITCH test. While we would like
to use the “magic” entangled mixtures M2 of Eq. (13),
in quantum optics the strong interactions required for a
CX gate are severely limited and in a practical test we
must restrict ourselves to less sophisticated state prepa-
ration. However, we can prepare each of the d3 states and
repeat the test. With a repeated test, each time with a
different probe state |ui〉 from a set of N possible values,
we have a total probability of success
PR =
N∏
i=1
(
1 + Fi
2
)
(15)
with Fi = | 〈ui|U†1U2 |ui〉 |2. For N tests with a mixed
state ρ = 1N
∑N
1 |ui〉 〈ui| the probability of success is
PM = (
1+F¯
2 )
N with an average fidelity F¯ = 1N
∑N
i=1 Fi.
We can see
N√
PM and
N√
PR correspond, respectively,
to the arithmetic and geometric mean of the probabili-
ties Pi =
1+Fi
2 corresponding to each partial test. For
our nonnegative terms 1 ≥ Pi ≥ 12 , we can use the AM-
GM inequality to show
N√
PM ≥ N
√
PR, and for the in-
creasing Nth function we have PR ≤ PM with equality
restricted to the case where all the Pi are equal. For
the set of states in a qudit basis or the d3 probe states
that give Fpro equality only happens if the operators are
equal and the probability of success is 1. Otherwise we
have a probability of success bounded by F¯ . We can,
therefore, design a SWITCH test with a result related to
Fpro(U1, U2) at the cost of d
3 trial states.
From the optical circuit, we recover a relevant mea-
sure of the distance between the operators under test
with a number of trials consistent with what we expect
from tomography results [14]. For different states so
that Fproc(U1, U2) = 1 − δ, the probability of success
is less than (
1+Fproc(U1,U2)
2 )
d3 and we can reasonably dis-
cern evolution operators with distances of the order of
δ = d−3.
The proposed SWITCH tests can estimate how close
two quantum evolution operators are. The one-state test
has several limitations, but can be readily realized in in-
terferometric experiments with one photon. The two-
state tests are related to the SWAP test used to compared
quantum states. We have given two alternative quantum
circuits implementing this test, one of which can be im-
plemented in a quantum optics lab using a beamsplitter
in a Hong-Ou-Mandel setup. If we can prepare two indis-
tinguishable photons in the same arbitrary state and we
have access to black boxes performing two operations U1
and U2 on the photons, after d
3 measurements we have
an effective way to compare two optical channels.
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